環積のGelfand pairと多成分zonal多項式 (組合せ論的表現論の諸相) by 水川, 裕司
Title環積のGelfand pairと多成分zonal多項式 (組合せ論的表現論の諸相)
Author(s)水川, 裕司
Citation数理解析研究所講究録 (2004), 1382: 115-123
Issue Date2004-06
URL http://hdl.handle.net/2433/25699
Right
Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
115
Gelfand pair Zonal
(. PD)
e-mail:mzh@math.okay.ama-u.a.c.jp
. $\vdash$ $(\dot{S}_{2n}, B_{\dot{n}}.)$ \sim
. zonal
. .
1
$\circ$
, . .
$:.(.H_{n}, \mathrm{S}_{n})$
, $H_{n}$ B , & $\dot{\pi}$, . $h_{\dot{n}}$ $\overline{.\pi}$
$(\epsilon_{1}, \epsilon_{2}.,\cdot\cdot\circ \mathrm{c},\epsilon_{n};\mathrm{j})$
$\text{ }$. , $\cdot$ $.$ $\epsilon_{i}\in.\cdot\{\pm 1.\}.’\sigma$ \in . $S_{n}$. $\dot{\text{ }}$ . $H_{n}$ n
$=\mathbb{C}$ [$x_{1},$ $2, $\cdot$ . . , x7]
$(\epsilon_{1},\epsilon_{2},:. , \epsilon_{n};\sigma)f$ (.x1, $X2,$ $\cdot\circ\cdot,.x_{n}$) $=f(\epsilon_{\sigma(1)^{X}}$10(1) , $\epsilon_{\dot{\sigma}(2)}.\cdot x_{\sigma(2)},$ $3\cdot\cdot,$ $\epsilon_{\sigma(n)}x_{\overline{\sigma}(n)}.\cdot$
. P $V(k)(0\leq k\leq n)$
$\mathrm{I}7(k)=$ $\oplus$.
$\cdot$
. $.\cdot$ .
$\mathbb{C}x_{I}$
$I\dot{\subset}\{1,2_{1}\cdots,n\},|I|=k$
, $$’ I $=$ {i1.)... $\mathrm{t},$ $i_{k}$ } $1!\backslash$ \llcorner $\circ$ xI $\sim=x_{i_{1}}x_{i_{2}}\cdots$ x .
, $V.(k)$ Hn , k
$\circ$
[4]. $V$(k)[: $e_{k}$ (x1, $1\backslash ’,x_{n}$ ) . $S_{n^{-}}$ .
$\langle \mathrm{I}\mathrm{n}\mathrm{d}_{S_{n}^{n}}^{H}, V(.k)\rangle_{H_{n}}\neq 0$
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$.\dot{\text{ }}\backslash \backslash$ .
$\cdot$
$f.’.\dim \mathrm{I}\mathrm{n}\mathrm{d}_{Sn}^{H_{n}}$ $2^{n},$ $\dim\dot{V}(k)=(\begin{array}{l}nk\end{array})$ , .
$\mathrm{I}\mathrm{n}\mathrm{d}_{S_{n}}^{H_{n}}1\sim\oplus^{n}\cdot V(k)i=0^{\cdot}$ :
. . Hn , ?$\dot{g}$ .-. $V$(k) $S_{n}$
.. . .
.
Deflnition LL $(G, H)$ ( ). . $.\mathrm{I}\mathrm{n}\mathrm{d}_{S_{n}}^{H_{n}}.1$ . G . .
${ }$ . , $(G, H)$ 7 ...
, ($H_{n}$ , Sn) 7. .. .$\cdot \text{ }$, $a,$ $b\in.\mathbb{C}$ $I_{l}$ $I’\subset\cdot\{1,2_{-}\cdot\cdot:_{1}‘, n\}$
$;$
. V(k) . :.
$[ax_{I},bx_{I}/]=-(\begin{array}{l}.nk\end{array})1a\overline{b}\delta_{I,I’}$ .
. $1g$. $H_{n}$.- (
. ) $\mathrm{f}\not\in$
.
$V..(k)$ $H_{\mathrm{n}}$ , $C(H_{\dot{n}}/S_{n})\backslash \grave$
$\mathfrak{F}$.J G .,
$\cdot$. ,
:. $C(H_{n}/S_{n}^{\cdot}):=$. {.f: $H_{\dot{n}}$. $arrow \mathbb{C};f(x.h)=f$.(x) $\forall x\in.\cdot.H_{n},$ . $\forall h‘\in\cdot S_{n}$ } $...\cdot$
$\varphi_{k}$ : $V(k)arrow C(H_{n}. \cdot/S_{n})$
g,$.h\in S_{n}$ and $v\in\cdot V$ (k)
$\varphi$k $(.\dot{v})(g..)=\mathrm{I}v.’.ge_{k}(_{X_{1}}, \supset \mathrm{c}-, x_{n})]$
.. ,
: $\varphi_{k}(g_{1}v.).(g_{2})=[g_{1}v,.g_{2}e_{k}\cdot(,x_{1}-, \mathrm{t}‘\cdot \mathrm{t},x_{n})]$
$=[v\cdot,g_{1}^{-1}g_{2}e_{k}(x_{1}., \cdot \mathrm{t}\cdot..\cdot’\dot{x}_{n}.)]$
$=.\varphi_{k}(v)(g_{1}^{-1}.g_{2})$
$=(g_{1}\varphi_{k}. (v).\cdot)(g_{2})$
$\mathrm{i}\acute{*}$
. $\varphi\not\equiv 0$ , $\varphi$ $H_{n^{-}}$
$\kappa’\dot{g}$. . ,
$.C(H_{n}. /S_{n}^{\cdot})$
.
$=\oplus^{k}i=0\varphi$k $(\dot{V}.(k))$ .
. , $\omega_{k}$ . $\varphi_{k}$ ($V$(k)) $S_{n^{-}}$. .
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Definition1,.2. (G, $H.$) , G $\mathrm{f}\dot{\mathrm{R}}$ . .
$C(G/.H.)=\oplus\dot{V}_{i}s-1i=0$
$1_{-}$’ ,
$l\ddot{\mathrm{f}}$
.
H-. . fJ- 1 . $\dot{\text{ }}$
$\omega_{i}$ $(1\leq.i.\leq s)$ ( $G$ , H). $\mathrm{A}$ . . ,$\cdot$.’
:
$\mathrm{L}$
. $S_{n}$ . , ..
$\mathrm{J}$
$\ovalbox{\tt\small REJECT}=$
$($
$.\backslash$ .
ffi. .Q . $g=$ . $(\epsilon_{1},\epsilon 2, \cdot. \mathrm{I}, \epsilon_{\mathrm{n}};\sigma)$
;.
$\omega_{k}(g)=\frac{1}{(\begin{array}{l}nk\end{array})}e_{k}(\epsilon_{1},\cdot\epsilon_{2}’, \cdot\cdot\cdot\cdot..-\epsilon_{\dot{n}}.)$
..
, $g$
?.k,l $=..\omega_{k}(g)$
([2] ),
$2F_{\mathrm{i}}(a,.b, c.|x. ).= \cdot\sum_{n=0}^{\infty}.\frac{(a\rangle_{n}(b)_{n}}{(c)_{n}}.\frac{x^{n}}{n!}$
.
1
Th.eorein $\mathrm{L}$3. $\cdot[\mathit{2},\mathit{9}]$
$\omega_{k,\ell}=_{2}F_{1}(-.\cdot k, -l;-.n|2)$.
, $\mathrm{f}\dot{\mathrm{i}}$. Kraich\mbox{\boldmath $\alpha$} . .
$V$ (k) ffl. $\grave{|}\mathrm{f}\mathrm{f}\mathrm{i}$.
$\frac{1}{2^{n}}$
.
$\sum_{p_{=}0}^{n}.\cdot(\begin{array}{l}n\ell\end{array})2F_{1}$ ($.-k;-$.\ell ;,-n12)2I1( k’ ’-.1;-n.12). $=(\begin{array}{l}.n.k\end{array}).\delta_{k,k’}$ .
, $\mathrm{f}^{\mathrm{r}}$.
$’,\cdot$
.
.
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$\circ$ . [6, 1, 7]. 9—.-p
. . 7 .$|\text{ }$
$\circ$ . ,
, .
, . G , $S_{n}$ $G^{n}$
. .
$\sigma(g_{1},g_{2,}. ‘ , g_{n}.)=(g_{\sigma^{-1}(1)}, g_{\sigma^{-1}(2)}, ..\mathrm{r} , g_{\sigma^{-1}(n)})\backslash ’$
.
$(g_{1}, g_{2}-1 . ..’ g_{n})\in..G^{\dot{n}}-..’\sigma.\in S_{n}$
. $G..\mathrm{t}S$n \check .C- [4].
, . $\cdot$
: $\ovalbox{\tt\small REJECT}_{n}$
.
$\supset$ $H_{n}$
$S_{n}^{\cdot}S_{n} \bigcup_{\cross}\cdot.\supset$
.
$s_{n}^{\cup}$
S2n –
$H_{n}=\langle$.(2i.-1, $2i$)$.,$ $(2\acute{J}-1,2j\dotplus 1)$ (2j,$\cdot$ $2j.+2),\cdot..\ddot{1}\leq i\leq n,$ $1\leq j\leq n-.1\rangle$ ,
$S_{n}.$
.
$\mathrm{x}S_{n}=\langle$$(2i-1,2i+1).,$ $($2j, $2j+.2.);1\leq i\leq n.-1,1\leq j.\cdot\leq\dot{n}-1\cdot\rangle$
, ..
.. $S_{n}.=H_{n}\cap S_{n}\cross S_{n}$. $=$. $\langle(2j-1,2j.\dotplus\cdot.1)(2j, 2j+2);1|\leq j\leq n-1\rangle$
.
$\dot{\text{ }}$ .- .’.. ,$\cdot$
. , $(H_{n},$ $\ )$ K.rawtch.ouk
.
$\mathrm{X}\mathrm{p}^{\backslash }\text{ }$\hslash \mbox{\boldmath $\tau$}s*\neg .6C*
$\langle$
. $ \frac{-}{8}(S_{2n,\ll^{-\llcorner C}}.,S_{n}.\cross S_{n}. )\#^{\backslash }.\cdot \text{ }.1\mathrm{f}\mathrm{f}\mathrm{f}U^{\backslash }\backslash \backslash \ovalbox{\tt\small REJECT},.\mathrm{f}\mathrm{f}^{\tau_{\backslash }^{-}\dot{\mathrm{g}}}[].’\overline{!}\mathfrak{F}^{-}\dot{\mathrm{F}}\cdot\dot{\text{ }}.(\dot{S}_{n}\cross\cdot S_{n},\grave{\grave{S}}_{n}.).l\mathrm{f}\#\llcorner$ $\Rightarrow.\mathrm{f}*\mathrm{g}_{T^{\backslash }}\backslash \not\in*^{\backslash }\text{ }$–$\frac{\underline{\mathrm{H}}}{\mathrm{B}}.\grave{\eta}\mathrm{a}\mathrm{h}\mathrm{n}\ovalbox{\tt\small REJECT},ffl*..\mathrm{E}^{\cdot}\vee\grave{o}_{\yen}\text{ _{}6\dot{\text{ }}\mathrm{f}\dot{\mathrm{f}}\grave{\text{ }}\mathrm{t}\}}$
.
, ffl $\mathrm{F}$. $\mathrm{J}$ ,
. $\chi_{\rho}^{\lambda}/d\lambda$ (\chi \vdash \rho \vdash n \hslash ‘‘ $\lambda$ $.\vdash n$ . . $d_{\lambda}$ )
,.
:. ... $\frac{1}{d_{\lambda}}.s_{\lambda}=\rho\vdash$L $z_{\dot{\rho}}^{-}$! $\chi_{\rho}^{\lambda}.$/d$\lambda$p$\rho$
. $\cdot$ . , ($S_{2n}$ , hn) (n .
$\circ$ ) $\omega_{\rho}^{\lambda}$
.
, $.\text{ }$ ,
$z_{\lambda}=|H_{n}| \sum_{\rho\vdash n}z_{2\rho}^{-1}\omega_{p}^{\chi}p_{\rho}$
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, $\cdot$ zonal $(U(2n)’,\cdot O(.n))$ .$\ovalbox{\tt\small REJECT}.\ovalbox{\tt\small REJECT}$ . –
( $U$(n) $\cross U($i), $U($n)) ,
. $\cdot$.
$\dot{\text{ }_{}\backslash }$
$h^{\backslash }$. ,... F. .
. $=\lceil$ ( $S_{2n},$ $H$n) .’ $\backslash ^{*}-\cdot$ , . zonal
.
$\frac{-}{\frac{-}{\mathrm{p}}}\dot{\mathrm{g}}$ , :
. $\cdot$ 2 . (S2n” $H_{n}$) — ,
$.\text{ }$ \mbox{\boldmath $\nu$}: $(S_{2n},\dot{H}_{n})$ $\Re$’ .
$S_{2n}$ G2n $\theta$ , \mbox{\boldmath $\theta$} Hn
.
$\triangle.G^{n}=$ $\{(g_{1}\cdot,g_{1}, g_{2}, g_{2}, \mathrm{t}\mathrm{t} , g_{n}, g_{n});g_{i}\in G\}$
$H(\Delta.G.)_{\dot{n}}=.\Delta G^{n}\mathrm{x}_{\theta’}.\cdot H_{n}$
.ae-$\backslash$ $\circ$
.. $(G?.S_{2n}, H(\Delta G)_{n})$
.
3 .
$G\mathit{1}S_{2n}$ $x=$ (g1, $g_{2},$ ” $\epsilon$ , $g_{2n};\sigma$) , G-colore.d$\cdot$ $\mathrm{g}\mathrm{r}\mathrm{a}_{l}\mathrm{p}\mathrm{h}\cdot\Gamma_{G}$ (x) $=$
{ $V_{G}(x)_{\mathrm{y}}E_{G}($x).}. $\Gamma|f|$ $.V_{G}(x)$ . $=\{g_{1\prime}\prime g2, \cdot\circ\sigma,g_{2n}\}$
. . EG(x). $g_{2i-1}$ . $g_{2i}$ $g_{\sigma(2i-\cdot 1)}$ g\sigma (2o 9
. $g2i-1$ to $\mathit{9}2i$ . 5 ’ fl.$\sigma(2i-1)$. .\sigma (2i) 5 ’ $($
.
Exampl.e 3.1. $G=\mathbb{Z}/\dot{3}\mathbb{Z}$ $n=6$ $\circ$
.. $x=(0_{}1,2,2,1,0;(123)(56))$ .
,
120
.. $\cdot$
$\Gamma$
.
$(x$. $)=$
$\# 1$
0
, $\cdot$ 5.
$\circ$ .F. .
7‘. $.\overline{7}$ .7 J(. 9 $\dot{\not\in}\backslash$. $\dot{.}ffi$
$\tilde{\text{ }_{}\grave{\lambda}}\epsilon^{}\llcorner$
$.\text{ }\epsilon$ . \check \mbox{\boldmath $\tau$}‘.\yen \epsilon $J^{\cdot}\triangleright\dot{\text{ }}.\text{ }-.\text{ }.\cdot L**\mathfrak{l}\mathrm{g}\llcorner\vee \text{ }|\mathrm{h}.\psi$=.\acute t(gtilJ. $\mathrm{b}.-g_{i_{\mathit{2}}}.-\mathrm{r}-\cdot.g_{i_{3}}.-\mathrm{b}arrow...-\cdot\dot{\mathrm{r}}-g_{i_{2k-1}}.$.$-\mathrm{b}.-\dot{g}_{i_{2}}k\dot{\text{ }^{}\prime}S\text{ }\emptyset^{\backslash }\dot{\mathrm{E}}\llcorner\mathrm{A}\mathrm{l})\leq\backslash \mathrm{R}\mathrm{B}\cdot\llcorner \text{ ^{}\backslash }*\text{ }\ddot{\text{ }}\grave{\eta}.$
.
$-x-\mathrm{f}\mathrm{f}\mathrm{i}$
$g_{i_{1}})$ ,-b- , $\cdot$-r- , . . $L$ .
$p(L)=.. \prod_{j=1}^{k}g_{i_{2j-1}}^{-1}g_{\dot{l}_{2\ovalbox{\tt\small REJECT}}}$
. . 1 2, $1\dot{.}\theta$‘2 .
– .y
. {$p(.L);L$ $\Gamma_{G}.$
.
(x) } . $\cdot$
.
Defin.$1\mathrm{t}1\mathrm{o}\mathrm{n}\bm{3}$. $\cdot$2. G $\{\dot{C}_{1}, C_{2}, \cdot 1.’ C_{\dot{\mathrm{e}}}\}$.
.
$R_{G}=\{C_{i}\cup C_{i}^{-\cdot\iota}.\}\cdot=$ {$.\dot{R}_{1},$ $|$ . , $0+t_{1}$ },
$arrow$ \check \check .
$\cdot$
$C_{i}^{-1}.\cdot=\cdot$ {$g^{-1};g.\in$ . $C$i} , $t_{0}$ . $C_{i}=C_{i}^{-}$.1.
, $t_{1}$ I. $C_{i}\neq C_{i}^{-1}$ . .
mk( .). $=\#${ $.L$ ; $L$ $\Gamma_{G}(.x.)$ $\mathrm{f}\dot{\mathrm{i}}$ $k\text{ }\sim \mathrm{P}$-7 $p(L.).\in$
.
$R.$}
.. $\cdot$ $(t_{\mathit{0}}.+t_{1})$
. $\cdot$ .. $\underline{\rho}(x)=(\rho^{:}(x);1.\leq i.\leq t_{0}+t_{1}.)$
, $\sqrt$l.(x)=(lmx(&)2m2( ) $\circ\cdot\cdot n^{m_{n}(F)}t$ ) , $\underline{\rho}(x)$ x $J\triangleright-\cdot$..
9 , $R_{\mathrm{Z}/3\mathrm{Z}}=\{\{0\},.\cdot\{1,\cdot 2\}\}$ $(\emptyset$ , (2, $\cdot$1) $)$. .
.. :
. Theorem: 3.3. $\cdot G$ 2& \mbox{\boldmath $\theta$}..\epsilon , . \sim
f ‘k.
$\cdot$
. . ,
. .
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9 [5].
$\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}.\mathrm{m}^{1}3$..4. .(G $lS_{2n},$ $H(\triangle.G)_{n}$ ) $\dot{\text{ }}$.
. $\cdot$ , $\rho^{i}$. $=$ $(1^{m_{1}(\dot{R})}.,.\dot{2}^{m_{2}(R_{*})}..’\backslash \}. ; n^{m_{n}}.\cdot(R_{i}))$
$|H( \Delta G)_{n}.xH(\Delta G)_{\mathrm{n}}|=...\cdot...\frac{|H_{n}|^{2}|\dot{G}|^{2n}}{\prod_{i=1}^{t_{0}+t_{1}}z_{2\rho(R_{-})}}.\cdot.\cross.\cdot\frac{\prod_{i=1}^{t_{\mathrm{O}}+t_{1}}|R_{i}|^{\ell(\rho(h))}}{|G|^{\ell(p)}}-\cdot\backslash ..\cdot$
.
$=$. $|H_{n}.|^{2}|G|^{2n}.. \prod_{i=1}^{t_{0}}..\frac{1}{z_{2\rho(R_{i})}\zeta_{C}^{l(\rho(R_{i}))}}\dot{.}.\cross\prod_{i=t_{0}\dotplus 1}^{t\mathrm{o}+t_{1}}..\cdot-\frac{1}{z_{\rho(R_{t})}\zeta_{C_{i}}^{\ell(\rho(R_{*}))}}.\cdot$
. $\cdot$
$....4$ .
, $\dot{\text{ }}\backslash$ $\grave{\prime.y}$
.
$\mathrm{f}\dot{\mathrm{f}\mathrm{i}}$ $\dot{\text{ }}$ : $\underline{\lambda}.=(.\lambda^{1}\cdot,.:1\mathrm{c}, \lambda^{\dot{c}})$ #.R. ,
$|\lambda^{i}|=n_{i},$ $\sum_{i=\dot{1}}^{c}n_{i}=n$ . $\{V_{i};. \mathrm{I}\leq i\leq c\}$ . G .
.
$V(\underline{\lambda})=.\otimes^{c}\cdot V_{\dot{i}}^{\otimes n_{i}}i=1$
. .$G$ 2 $\dot{S}_{2n}$. :
$(_{\mathit{9}1},$ $(. \mathit{4}, .g_{n};\sigma)v_{1}.\otimes\cdot\cdot\cdot\cdot\otimes$
.
$v_{n}=g_{1}v_{\sigma^{-1}(1)}\otimes..\cdot\theta\cdot\otimes g_{\mathrm{n}}v_{\sigma^{-1}(n)}$ .
. : \downarrow . \Pi .ic$=.1.S_{n_{i}}$ $S(\underline{\lambda})=$. $\otimes$. $i=1cS^{\lambda:}$ G Hfl.
. $G$ $l \prod_{i=1}^{\mathrm{e}}.S_{n}-\cdot$. ( ’
$W(\underline{\lambda})..=S(\underline{.\lambda}.)\otimes V.(\underline{\lambda}),\uparrow_{Gl\Pi S_{n_{i}}}^{G1S_{2n}}$
.
$G$ ?S2n , $\cdot$ $\underline{\lambda}$ . $\text{ }$.
. . .
$\mathrm{T}\mathrm{h}|$eorem4.1. . . $\cdot$
$\mathrm{I}\mathrm{n}\mathrm{d}_{H(\Delta G)_{n}}^{G1S_{2n}}.1^{\cdot}=\oplus.W(\underline{\lambda})*\cdot$ ’
..
$+ \sum$ . $|\mu$l $.=n.$},
.
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:
5 zonal
Theorem $\cdot 3.\cdot 3$ Theorem 4.1 $\mathrm{f},\dot{*}\backslash \backslash$ $\dot{\text{ }}$ ,. \not\in .. W(-\lambda )
$\mathrm{K}\triangleright-\cdot$ 7Q
$\underline{\rho}=(\rho^{\mathrm{i}},\cdot\rho^{2}, \cdot 1 .\rho^{\mathrm{t}\mathrm{o}1t}!)$
.
$.\mathfrak{F}$J .
..
..
$. \Omega\frac{\lambda}{\underline\rho}$
. ,
$Z_{\underline{\rho}}^{-1}=|$H($\Delta$G)$n$xH($\Delta$G)$91/\cdot.|$G$|^{2n}.2.\cdot n!$
. $\cdot$
$d(\underline{\lambda})=\dim W(\lambda)\mathrm{i}$
,
.
$.. \sum_{\underline{\rho}}Z_{\underline{\rho}}^{-\cdot 1}\Omega\underline{\frac{\lambda}{\rho}}\Omega\frac{\nu}{\underline\rho}=\delta_{\underline{\nu},\underline{\lambda}}d\cdot(\underline{\cdot.\lambda})^{-1}$
.
. , ..$\cdot$
$Z_{\underline{\lambda}}.=. \sum_{!}Z_{\underline{\rho}}^{-1}\Omega\frac{\lambda}{\underline\rho}P_{\underline{\rho}}$,
, .
$\cdot$
$’\cdot.\mathrm{e}${ . $(x, y)=.\cdot$ ($x^{(1)}.,$ $\cdot\cup$ t, $x^{(t_{0})},$ $y^{(1)}.’$
.
$.\mathrm{f}\cdot$ , y(tl))
. . $.P- \rho=\prod_{i=1}^{t_{0}+t_{1}}...\cdot p_{\rho^{i}}$ (x, $y$), $\dot{\mathrm{z}}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{l}$
.
,
$\mathcal{O}.$) .
$.\delta$1“ I.f
2 ([5] 7 ),
,
$\circ$
.
Theorem 5.
$\cdot$
1.
.
$Z_{\underline{\lambda}}=... \prod_{i=1}^{t_{0}}.z_{\lambda_{i}}(.x^{(i)}.)$ jt $\frac{1}{d_{\mu}}\dot{.}s_{\dot{\mu}}(y^{(j)})$ .
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